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The vector-bosons as elementary nuclear collective excitations
[P. Raychev, R. Roussev, Sov. J. Nucl. Phys. 27, 792 (1978)]

Assumption:
Certain class of nuclear collective properties can be described by
two types of elementary excitations created by the operators
ξ+, η+

→ vectors de�ned in Fock space

ξν = (−1)ν∂/∂ξ+−ν ; ην = (−1)ν∂/∂η+−ν , ν = 1, 0,−1

ξµ = (−1)µξ−µ ; ηµ = (−1)µη−µ

→ closing boson commutation relations

[ξµ, ξ+ν ] = [ηµ, η+ν ] = δµν , µ, ν = 1, 0,−1
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Vector-boson realization of SU(3) algebra

Angular momentum

Lm = −
√
2
∑
µ,ν

C 1m
1µ1ν(ξ

+
µ ξν + η+µ ην) , m = 0,±1

Quadrupole momentum

Qk =
√
6
∑
µ,ν

C 2k
1µ1ν(ξ

+
µ ξν + η+µ ην) , k = 0,±1,±2

→ closing SU(3) algebra

[Lm, Ln] = −
√
2C 1m+n

1m1n Lm+n

[Lm,Qn] =
√
6C 2m+n

1m2n Qm+n

[Qm,Qn] = 3
√
10C 1m+n

2m2n Lm+n
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VBM Hamiltonian, basis and spectrum

Vector boson model (VBM) Hamiltonian and basis

Rotation invariants reducing SU(3) to O(3):

L2 =
∑

m(−1)mLmL−m

L · Q · L =
∑

M,m,m′(−1)MC 2M
1m1m′Q−MLmLm′

A+A, A+ = (ξ+)2(η+)2 − (ξ+ · η+)2

Vector-boson Hamiltonian with broken SU(3) symmetry

HVBM = g1L
2 + g2L · Q · L+ g3A

+A

SU(3) ⊃ O(3) ⊃ O(2)

Basis [V. Bargmann and M. Moshinsky, Nucl. Phys. 23, 177 (1961)]∣∣∣∣ (λ, µ)
α, L,M

〉
= P(λ,µ,α,L,M)(ξ+ν , η

+
ν )|0⟩, α − O(3) multiplicity q.n.
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VBM Hamiltonian, basis and spectrum

Diagonalization and spectrum [N.M. et al, PRC 55 2345 (1997)]

∣∣∣∣ (λ, µ)
ωL
i , L, L

〉
=

∑dL
j=1 C

L
i ,j

∣∣∣∣ (λ, µ)
αj , L, L

〉
λ, µ even, λ > µ: α = 0, 1, 2, ... µ/2 = αmax

(λ, µ) → {(αi , Lαi )} → SU(3) multiplet

K = µ− 2α, N = λ+ 2µ � number of vector bosons

Energy bands

αmax = µ/2: L= 0+, 2+, 4+, ..., Lmax = λ gsb
αmax − 1: L= 2+, 3+, 4+, ..., Lmax = λ+ 2 γ band
αmax − 2: L= 4+, 5+, 6+, ..., Lmax = λ+ 4 Kπ = 4+ band; ...
α = 0: L = µ, µ+ 1, µ+ 2, ..., Lmax = λ+ µ K = µ band
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VBM Hamiltonian, basis and spectrum

VBM spectra for di�erent SU(3) irreps: SU(3) multiplets
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VBM Hamiltonian, basis and spectrum

B(E2) transition rates

B(E2;ωL
i → ωL+k

i ′ ) =
1

2L+ 1

(
L+ k 2 L
−L 0 L

)−2

×
∣∣∣∣〈 (λ, µ)

ωL+k
i ′ , L+ k, L

∣∣∣∣Q0

∣∣∣∣ (λ, µ)
ωL
i , L, L

〉∣∣∣∣2

R1(L) =
B(E2; Lγ → Lg )

B(E2; Lγ → (L− 2)g )
, L even

R2(L) =
B(E2; Lγ → (L+ 2)g )

B(E2; Lγ → Lg )
, L even

R3(L) =
B(E2; Lγ → (L+ 1)g )

B(E2; Lγ → (L− 1)g )
, L odd

R4(L) =
B(E2; Lg → (L− 2)g )

B(E2; (L− 2)g → (L− 4)g )
, L odd
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VBM Hamiltonian, basis and spectrum

VBM model �t for given (λ, µ)-irrep [N.M. et al, PRC 55 2345
(1997)]

→ Ground- and γ-band levels and B(E2) transition ratios
Ri (L) (i = 1, ..., 4) taken up to L = 10

⇒ Combined RMS deviation factor

σE =

√√√√ 1

nE

nE∑
ν=1

[
E th
ν − E exp

ν

]2
, σB(R) =

√√√√ 1

nB

nB∑
ν=1

[
Rth
ν − Rexp

ν

]2
σT = σE + w · σB(R) → total RMS deviation minimized
w → weight factor
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VBM description of ground and γ-bands. Favoured SU(3) irreps

Favored SU(3) irreps [N. M. et al, PRC 55 2345 (1997)]

The (λ, µ) values are

varied to get best model

description of energy levels

and transition ratios

• µ = 2, ■ µ = 4, ▲ µ = 6 , ⋆ µ = 8
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VBM description of ground and γ-bands. Favoured SU(3) irreps

Favored SU(3) multiplets [PRC 55 2345 (1997)]

∆E2 = (E2γ − E2g )/E2g
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Proxy SU(3) mapping (D. Bonatsos et al)

Here the (λ, µ) values are

determined through the

valence numbers in the

mapped Nilsson orbitals
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Proxy SU(3) irreps (D. Bonatsos et al)



Vector boson model with broken SU(3) symmetry in heavy even-even nulei Proxy SU(3) de�ned irreps VBM calculation with Proxy SU(3) irreps On the precise determination of the favored SU(3) irreps Concluding remarks and perspective

Proxy SU(3) irreps [S. Sarantopoulou, D. Bonatsos et al, BJP 44,
417 (2017)]
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Favored VBM and proxy SU(3) irreps

Nucl ∆E2 λ, µ σE σB g1 g2 g3 N
164Dy 9.4 16, 2 14.1 0.52 −1.159 −0.321 −0.590 20

9.4 52, 16 19.8 0.46 −18.558 −0.194 −0.052 84
164Er 8.4 18, 2 8.1 0.14 3.625 −0.238 −0.513 22

8.4 52, 12 18.5 0.15 −8.805 −0.158 −0.059 76
166Er 8.8 16, 2 5.8 0.47 2.942 −0.235 −0.572 20

8.8 52, 14 19.1 0.43 −11.081 −0.235 −0.153 80
168Er 9.3 20, 2 3.2 0.28 4.000 −0.181 −0.401 24

9.3 54, 12 12.8 0.21 −7.799 −0.136 −0.053 78
168Yb 10.2 20, 2 7.9 0.27 0.500 −0.271 −0.501 24

10.2 54, 8 10.9 0.24 −6.536 −0.151 −0.071 70
172Yb 17.6 ≥ 80, 2 6.8 0.12 9.875 −0.017 −0.052 84

17.6 60, 2 7.4 0.12 9.531 −0.024 −0.091 64
176Hf 14.2 ≥ 70, 2 15.0 0.17 9.547 −0.030 −0.062 74

14.2 46, 16 15.5 0.16 −28.637 −0.262 −0.106 78
178Hf 11.6 34, 2 7.0 0.86 8.322 −0.083 −0.213 38

11.6 42, 20 7.6 0.86 −43.408 −0.354 −0.102 82
238U 22.6 ≥ 60, 2 1.7 0.08 −38.112 −0.363 −0.098 64

22.6 90, 4 1.7 0.08 −32.992 −0.215 −0.042 98
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Need for unambiguous determination of the favored (λ, µ)-irreps

⇒ Direct comparison of B(E2)-values with data (not their ratios)

⇒ Taking into account both energy and B(E2) description quality
to select the favored (λ, µ)- irrep

⇒ Combined RMS deviation factor

σE =

√√√√ 1

nE

nE∑
ν=1

[
E th
ν − E exp

ν

]2
, σw

B =

√√√√ 1

nB

nB∑
ν=1

wν

[
B(E2)thν − B(E2)expν

]2

σB =

√√√√ 1

nB

nB∑
ν=1

[
B(E2)thν − B(E2)expν

]2
σw
T = σE + σw

B → minimized for given (λ, µ)- irrep
σT = σE + σB → total RMS factor to determine the favored
(λ, µ)- irrep
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(λ, µ)-dependence of the B(E2) transition values



Vector boson model with broken SU(3) symmetry in heavy even-even nulei Proxy SU(3) de�ned irreps VBM calculation with Proxy SU(3) irreps On the precise determination of the favored SU(3) irreps Concluding remarks and perspective

Introduction of irrep-dependent e�ective charges

e2e�-intra =

(
λ0 + µ0 + 1

λ+ µ+ 1

)2

for intraband transitions

e2e�-inter =

(
µ0 + 1

µ+ 1

)2

for interband transitions

It can be shown that [using a connection (λ, µ) → (β, γ)]:

e2e�-intra ≈
(
β0

β

)2

, e2e�-inter ≈
(
γ0
γ

)2

Explanations on the application by Dimana
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Calculation with irrep-dependent e�ective charges in 166 Er
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VBM spectrum for 166 Er in the favoured (20,4)-irrep



Vector boson model with broken SU(3) symmetry in heavy even-even nulei Proxy SU(3) de�ned irreps VBM calculation with Proxy SU(3) irreps On the precise determination of the favored SU(3) irreps Concluding remarks and perspective

VBM B(E2)s for 166 Er in the favoured (20,4)-irrep
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PERSPECTIVE
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R4 = E (4+1 )/E (2
+
1 ) ratio in the nuclei with presence of γ band
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Ground-γ band splitting factor ∆E2 = (E2γ − E2g )/E2g
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Concluding remarks

The VBM algorithm is applicable with the proxy SU(3) de�ned
irreps. Favored VBM irreps: considerably di�er by the proxy irreps
for nuclei with small ∆E2 and appear close to them in nuclei with
large ground-γ band mutual displacement.

The proxy SU(3) symmetry acquires further physical signi�cance
related to the structure of nuclear collective excited spectra (ground
and γ bands, in particular).

Common VBM and proxy SU(3) symmetry framework: Detailed
analysis and systematics of spectra and transition rates in wide
ranges of even-even deformed nuclei.



Vector boson model with broken SU(3) symmetry in heavy even-even nulei Proxy SU(3) de�ned irreps VBM calculation with Proxy SU(3) irreps On the precise determination of the favored SU(3) irreps Concluding remarks and perspective

SU(3) irreducible representations (irreps) and Casimir operators

U(n) ⊃ U(3) ⊃ SU(3)

U(3) representation [f1, f2, f3], (f1 ≥ f2 ≥ f3)

SU(3) irreps: (λ, µ), λ = f1 − f2, µ = f2 − f3

SU(3) invariants (Casimir operators):

Ĉ2 ≡
∑

i F̂i F̂i ≃
1
4Q̂ · Q̂ + 3

4 L̂
2

Ĉ3 ≡
∑

ijk F̂i F̂j F̂k

Eigenvalues (calc. in SU(3) matr. repr., Baird, Biedenharn, JMP 1963)

⟨Ĉ2⟩ ∼ λ2 + µ2 + λµ+ 3(λ+ µ)

⟨Ĉ3⟩ ∼ (λ− µ)(λ+ 2µ+ 3)(2λ+ µ+ 3)

dim(λ, µ) = 1/2(λ+ 1)(µ+ 1)(λ+ µ+ 2)
ξ+, η+ → O(3) vectors transforming under two independent
(λ, µ) = (1, 0) irreps
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